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Some form of missing energy may account for the difference between the observed cosmic matter 
density and the critical density. Two leading candidates are a cosmological constant and quintessence 
(a time- varying, inhomogenous component with negative pressure). We show that an ideal, full-sky 
cosmic background anisotropy experiment may not be able to distinguish the two, even when non- 
linear effects due to gravitational lensing are included. Due to this ambiguity, microwave background 
experiments alone may not determine the matter density or Hubble constant very precisely. We 
further show that degeneracy may remain even after considering classical cosmological tests and 
measurements of large scale structure. 



This paper looks ahead a few years to a time when 
highly precise, full-sky maps of the cosmic microwave 
background (CMB) anisotropy become available from 
satellite experiments such as the NASA Microwave 
Anisotropy Probed (MAP) and the ESA Planck mis- 
sions The goal is to determine if measurements of the 
anisotropy by itself or combined with other cosmolog- 
ical constraints can resolve between competing models 
for the "missing energy" of the universe. The missing en- 
ergy problem arises because inflationary cosmology and 
some current microwave anisotropy measurements sug- 
gest that the universe is flat at the same time that a 
growing number of observations indicate that the matter 
density (baryonic ancLnonbaryonic) is below the criti- 
cal density (O m < l).cl These two trends can be recon- 
ciled if there is another contribution to the energy den- 
sity of the universe besides matter. One candidate for 
the missing energy is a vacuum density or cosmological 
constant (A).qlI A second candidate is quintessence, a 
time- varying, spatially inhomogeneous component with 
negative pjessureJj Both models fit all current observa- 
tions well Em 

If current observational trends continue, determining 
the nature of the missing energy will emerge as one of 
cosmology's most important challenges. The issue must 
be decided in order to understand the energy composi- 
tion of the universe. Also, as shown below, ambiguity 
concerning the missing energy leads to large uncertain- 
ties in two key parameters: Q m and h (the Hubble con- 
stant in units of 100 km sec -1 Mpc -1 ). In this paper, we 
show that, despite extraordinary advances in measure- 
ments of the CMB anisotropy and large-scale structure 
anticipated in the near future, the missing energy prob- 
lem and, consequently fl m and h, may remain unresolved 
in some circumstances. 

The key differences between quintessence and vacuum 
density are: (1) quintessence has an equation-of-state w 
(equal to the ratio of pressure to energy density) greater 



than —1, whereas vacuum density has w precisely equal 
to —1; (2) the energy density for quintessence varies with 
time whereas the vacuum density is constant; and (3), 
quintessence is spatially inhomogeneous and can clus- 
ter gravitationally, whereas vacuum density remains spa- 
tially uniform. The first two properties result in different 
predictions for the expansion rate. The third property 
results in a direct imprint of quintessence fluctuations on 
the CMB and large scale structure. 

For the purposes of this investigation, we model 
quintessence as a cosmic scalar field Q evolving in a 
potential, V(Q). Depending on the form of V(Q), the 
equation-of-state w can be constant, jjimiotonically in- 
creasing or decreasing, or oscillatory.ErEJJ If w is time- 
varying, it is useful to define an average equation-of- 
state as w « J daVLQ(a)w(a) / J daQQ^a) where a is 
the expansion scale factor. Roughly speaking, the CMB 
temperature and the mass power spectra of a model 
with a slowly- varying w(a) is most similar to those of 
a constant w model with w = w. We can also define 
w = J dz VIq{z)\w\ 2 / J dzflQ^z), where w = dw/dlnz. 
If w is rapidly varying, w 2 > 1, the spatial fluctuations in 
Q and the variation in the cosmic expansion rate signifi- 
cantly alter the Siharje of the cosmic microwave anisotropy 
power spectrum,B tj producing differences from A models 
that are detectable in near- future satellite measurements. 

The degeneracy problem between A and quintessence 
arises if w is constant or slowly- varying (w <C 1), as 
occurs for a wide range of potentials (e.g., quadratic or 
exponential) and initial conditions. It is well recognized 
that two models with identical primordial perturbation 
spectra, matter content at last scattering, and comoving 
distance to the surface of last scattering genexate statis- 
tically identical linear CMB power spectraO t3 This sit- 
uation is referred to as the geometric degeneracy, owing 
to the identical geometrical optics of the comoving line of 
sight and sound horizon at last scattering. In this case, 
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we find that for w < —rig/2, the effects of quintessence 
on the CMB power spectrum as will be observed by MAP 
(£ < 800) can be closely mimicked by a model with A, 
provided il m and h are also adjusted. 

Measurements of the CMB on smaller angular scales 
where non-linear effects are important can be used to 
break the degeneracy. Gravitational lensing distortion of 
the primary, linear CMB anisotropy by smalh-scale den- 
sity inhomogeneities along-.the line of sightll^ro has the 
capability to discriminatpc3ll3 between quintessence and 
a cosmological constant.Ea The efhcacy of this phenom- 
ena, which smooths the peaks and troughs in the CMB 
spectrum on the scales of interest, depends on the level of 
mass fluctuations. If the amplitude of primordial density 
perturbations were anything other than Sp/p ~ 10~ 5 , 
this effect would be either completely negligible or else 
the dominant effect in CMB anisotropy. At the level 
measured by COBE and MAP, the lensing is a negligi- 
ble effect since it only begins to become important for 
£ > 1000. However, lensing effects are non- negligible for 
the Planck experiment which extends to I ~ 1500, or 
experiments at yet smaller angular scales. 
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FIG. 1. The CMB degeneracy problem: Each dashed curve 
in (a) represents a family of QCDM and ACDM models 
with indistinguishable CMB anisotropy power spectra. For 
an ideal, full-sky, cosmic variance limited experiment with 
^max = 1000, 1500, 2000, the solid lines mark the projection 
of the right-most boundary of the degeneracy region. For ex- 
ample, Panel (b) shows two overlapping spectra for the A 
(square) and quintessence (circle) models indicated in (a). 
Models beyond the solid line in (a) (e.g., the triangle for 
Cm = 1000, or the circle for £ ma x = 2000) are distinguish- 
able. 



Figure 1 illustrates the degeneracy problem for CMB 
anisotropy measurements. Figure la shows the f2 m — w 
plane of quintessence models with a slowly varying or 
constant equation of state, where the axis w — —1 cor- 
responds to the case of a cosmological constant. Each 
dashed curve represents a set of cosmological models with 
a Q- or A-component which satisfy the conditions for the 
geometric degeneracy for CMB anisotropy power spec- 
tra. The solid curves represent the projection of the 
right-most border of the degeneracy region, in the full 
parameter space, at which models can be distinguished 
from ACDM at the > 3<r level, including the effect of lens- 
ing, for an idealized, cosmic variance limited experiment 
with a given maximum multipole moment. For exam- 
ple, for fixed fib/i 2 and n s (the spectral index of scalar 
fluctuations), a model with quintessence and fi m = 0.47, 
w = —1/2 and h = 0.57 (circle) produces a nearly identi- 
cal CMB power spectrum to a A model with Q m = 0.29, 
w = — 1 and h = 0.72 (square) for £ max — 1000. As the 
range of multipole moments increases, including smaller 
scale CMB anisotropy, the gravitational lensing distor- 
tion becomes more pronounced, breaking the geomet- 
ric degeneracy. Yet we see that for many quintessence 
models, even with an ideal, cosmic variance limited, full- 
sky measurement of the CMB anisotropy with multipoles 
I < 2000, there remains a degeneracy in the f2 m — w pa- 
rameter space. We show Figure lb to illustrate the ex- 
tent of the degeneracy, as the two power spectra overlap 
almost entirely. 

The degeneracy curves can be understood theoreti- 
cally. They correspond approximately to the set of mod- 
els that obey the following constraints: (a) O m + SIq = 
A = 1; (b) n m h 2 = B; (c) fl b h 2 = C; (d) n s = D; and, 
(e) £p — E. Here A, B,C, D, E are constants, and lp 
is the multipole corresponding the position of the first 
acoustic (Doppler) peak. Constraint (a) is the flatness 
condition. Constraints (b)-(d) are required in order for 
the Doppler peak heights to remain constant. Along with 
constraint (d), we assume that r, the ratio of the tensor- 
to-scalar primordial poszfir_spectrum amplitudes obeys 
inflationary predictions EJ'EJ Constraint (e) insures that 
the acoustic peaks occur at the same multipole moment. 
The peak position lp (proportional to the ratio of the 
conformal time since last scattering to the sound hori- 
zon at last scattering) depends on fl m h 2 , flbh 2 , h and 
w. The only way to keep £p constant along the degen- 
eracy curve as w varies is to adjust h, since fl m h 2 and 
ilbh 2 are constrained to be fixed by (b) and (c). (M. 
White has independently noted similar conditions for de- 
generacy for constant w models.E3) Our results are based 
on full numerical codes which include the fluctuations in 
Q and the gravitational lensing distortions Our com- 
putations confirm that the above conditions are a good 
approximation to the degeneracy curves. When we re- 
strict our attention to £ < 1000, angular scales on which 
lensing is negligible, then if the value of h for the first 
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model along the degeneracy curve is changed, the value 
of h for the rest of the models can be adjusted so that 
the geometric degeneracy remains. The boundary of the 
f max = 1000 degeneracy region is then determined by 
fluctuating Q effects and the large integrated Sachs- Wolfe 
contribution to the CMB anisotropy, such that models 
with w > — S1q/2 are distinguishable from A. At smaller 
angular scales, where lensing is important, raising or low- 
ering fl m h 2 results in increasing or decreasing the mass 
power spectrum, and therefore the strength of the lens- 
ing distortion. The question of what can be determined 
by the CMB alone becomes academic if we permit un- 
physically low values of fib or h, in which case the effect 
of lensing becomes negligible. In determining this de- 
generacy region, then, we have permitted a conservative, 
physically-motivated range for the cosmological param- 
eters, h > 0.5 and VL b h 2 e [0.016,0.024]. This explains 
the shape of the ^ ma x = 1500, 2000 boundary; for the 
allowed range of cosmological parameters, the lensing is 
strong, breaking the degeneracy when the amplitude of 
the mass power spectrum and amplitude of acoustic oscil- 
lations are large. Note that the limiting cases Sl m — > 1, 
are special. In the former case, a negligible amount of 
quintessence is present, so that all QCDM models gen- 
erate the same, degenerate CMB anisotropy pattern. In 
the latter case, as f2 m — > fi;,, the strength of the baryon- 
photon oscillations grows, compensating for the decrease 
in the mass power spectrum amplitude, so that lensing 
breaks the degeneracy. 

A degeneracy curve represents the center of a strip 
of models in the Q m — w plane which cannot be distin- 
guished by the CMB alone. To estimate the width of the 
degeneracy strip, we select a quintessence and A model 
on a given degeneracy curve, vary A, and compute the 
likelihood that the quintessence model and the A model 
are distinguishable, allowing for cosmic variance uncer- 
tainty. For each value of the cosmological constant A, the 
parameters n s , h, £l m and are varied until the likeli- 
hood is minimized. To compute the likelihood, a novel 
estimating procedure has been introduced which applies 
to more general examples of CMB analysis. The attrac- 
tive feature is that the likelihood is simple to calculate 
analytically, avoiding the need for Monte Carlo. Suppose 
Models A and B are to be compared. We wish to estimate 
the likelihood that a Model A real-sky would be confused 
as Model B. Since the prediction of Model A is itself 
non-unique, subject to cosmic variance (and, in general, 
experimental error) , we need to average the log- likelihood 
over the probability distribution associated with A. Only 
cosmic variance error, Cg/ 1 \/2t + 1, is assumed for each 
multipole Cg and the distribution is chi-squared. In our 
notation, CV's are the cosmic mean values and xg are the 
values measured within our Hubble horizon. Then, the 
"average log-likelihood" is defined to be 
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where "P({:z^}|A) is the probability of observing the set of 
multipoles {xg} in a realization of Model A. Since each 
multipole Cg from a full sky map is statistically inde- 
pendent, "P({:x^}|A) can be written as a simple product 
of chi-squared distributions for each I. Substituting the 
chi-square distribution for P(xg\A), Ci,a reduces to 

^ = -E( ? + ^x( 1 -§| +l0g it ) - (2) 

Here we have assumed no experimental error, but it is 
a simple matter to include an additional experimental 
variance. Note that Cb a ^ £ab in general, although the 
difference is small in practice. We decide distinguishabil- 
ity according to the min(£t, a , C a b)- For variations AQ m 
greater than ±0.05 from the degeneracy curve value, the 
log-likelihood satisfies — C > 6, corresponding to distin- 
guishability at the 3er level or greater. This is the condi- 
tion we use to determine distinguishability. 

As long as only geometrical effects are important, dis- 
tinguishability of a pair of cosmological models entails 
comparing the shapes of the two spectra without specify- 
ing any normalization. Once lensing and other non- linear 
effects are included, the absolute level of anisotropy must 
be specified; the shape of the Cg spectrum is affected by 
the absolute scale of the mass power spectrum. Because 
the normalization is not known, some allowance must be 
made for this uncertainty in the lensing contribution. For 
the purposes of this investigation, we have assumed that 
for each pair of models, the mass .power spectrum of the 
first model is COBE normalized, c.3 while the spectrum 
of the second model must lie within 2a. A tighter con- 
straint may arise from future satellite experiments, once 
the absolute level of anisotropy is known with better pre- 
cision. It is interesting to note that despite the fact that 
the lensing tends to smear out sharp features in the CMB 
spectrum, effectively destroying information, we actually 
gain knowledge of the underlying mass power spectrum. 
As a result, the degeneracy region shrinks as the effect of 
lensing accumulates. 

Now consider the situation in several years' time, 
in which the CMB anisotropy measurements conform 
closely with one of the degeneracy curves in Figure la, a 
possibility consistent with current observations.u The de- 
generacy means that one cannot distinguish whether the 
missing energy is quintessence or vacuum energy. Fur- 
thermore, f2 m and h vary along the degeneracy curve (so 
as to keep £l m h 2 constant), such that the uncertainty in 
these key parameters is very large. How can the ambigu- 
ities be resolved? 
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FIG. 2. The CMB anisotropy constrains models to a par- 
ticular degeneracy curve and, independently, provides tight 
constraints on n s , Qmh 2 and Q,bh 2 . The latter constraints, 
along with other observational limits discussed in the text, 
fixes an allowed range of il m and w (the shaded region using 
the example discussed in the text). The combination deter- 
mines the best-fit models. 

Other cosmological observations may not be as precise 
as those of the CMB anisotropy, but they have the advan- 
tage that they do not share the same degeneracy. If other 
observations can be used to determine separately fl m or 
h (or some combination of fl m and h other than Q, m h ), 
then perhaps the degeneracy between A and quintessence 
can be broken. We have considered the current restric- 
tions on £l m and h obtained by combining the best limits 
on age (> 10 Gyr), Hubble constant, baryon fraction 
(Qblvtl?/Q m ~ 3-10%), cluster abundance and evohi= 
tion,t3 Lyman-a absorption,c3 deceleration narameterEZI 
and the mass power spectrum ( APM Survey) .C3 The cur- 
rent constraints and the teclmiques for combining them 
have been detailed elsewhere.ErLJ We also include the fact 
that the CMB anisotropy will provide tight constraints 
on n s and the co mb inations Q, m h 2 and flbh 2 to within a 
few percent.BBM 

Even combining all the observational information 
listed above, fl m and h are not highly constrained. As- 
sume for illustrative purposes that the CMB anisotropy 
converges on n s = 1, r = 0, Vl^ti 2 = 0.02 and fl m h 2 = 
0.15 (reasonable values). Then Figure 2 shows the shaded 
region in the Q m -w plane which can satisfy the observa- 
tional constraints at the 2a level. In this case, acceptable 
models must lie at the overlap of the degeneracy curve 
picked out by the CMB anisotropy and the shaded region. 

Three possibilities emerge, as shown in Figure 2: (1) 
the degeneracy curve overlaps the shaded region only 
over a limited range of w so that the ambiguity between 
quintessence and A is broken and Q m , h and w are well- 
constrained; (2) the degeneracy curve cuts through the 
shaded region in such a way that a substantial ambigu- 



ity remains; or (3) the degeneracy curve and the shaded 
region do not overlap at all. Case (3) appears at first 
to be a contradiction: the CMB spectrum conforms to 
the predictions of a ACDM or QCDM model, but con- 
straints from other cosmological observations (shaded re- 
gion) suggest that the fl m is too small (or too big). How- 
ever, this situation is precisely what ought to occur if 
one of our underlying assumptions is incorrect: namely, 
the flatness assumption, constraint (a). By introducing 
spatial curvature as an additional component (i / 1) 
further degeneracy arises. Associated with curve (3) is 
a continuous family of degeneracy curves in the Q m -w 
plane each beginning, from a different value of Sl m along 
the w = — 1 axis-EiEil Making the universe open (closed) 
produces CMB degeneracy curves beginning with smaller 
(larger) values of f2 TO , whereas the shaded region in Fig. 2 
is only modestly changed. So, for example, curve (3) 
in Figure 2 is also degenerate with an open model with 
fi TO = 0.4, J7a = 0.54 and h = 0.8, which is consistent 
with the shaded region. Adding curvature is inconsistent 
with standard inflation-based models, but case (3) exem- 
plifies how we may be forced observationally to consider 
the possibility. 
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FIG. 3. Mass power spectra for the models along the CMB 
degeneracy curve (Q m h 2 — 0.13 and Q^h 2 — 0.02) in Fig. la 
are difficult to distinguish with large-scale structure measure- 
ments. The error bars are projected standard errors (la) for 
SDSS assuming the middle (w = —2/3) curve. 

The fact that Case (2) - continued degeneracy - re- 
mains possible after so much data has been invoked is re- 
markable. A reduction in experimental uncertainty (a) 
by a factor of two for all of the measurements reduces 
the size of the shaded region in Fig. 2, but this is not 
sufficient to remove all possible degeneracy. For some 
constraints, much more than a factor of two improve- 
ment can be anticipated. For example, the Sloan Digital 
Sky Survey (SDSS) will provide a substantial improve- 
ment in measuxepjents of the mass power spectrum P(k) 
and velocities,t3E3 especially on large lengths where P(k) 
for models along the degeneracy curve are most differ- 
ent. Even so, as Figure 3 shows, the SDSS will not be 
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enough to resolve the differences in the shape of P(k) 
among models along the degeneracy curve. What would 
contribute immensely to the breaking of the degeneracy, 
rather, is an accurate determination of the mass power 
spectrum on scales k < 0.1 h/Mpc, where the models arc 
most different. 

It has been argued that combining the results of fu- 
ture Sloan and CMB experiments can lead to a substan- 
tial improvement in precision, isolating a narrow region 
of cosmological parameter space in_ooipr to distinguish 
between quintessence and Lambda. tB'cB These improve- 
ments rely on the treatment of the errors as statistical 
and independent. We take a more conserative stance 
that the errors will be dominantly systematic. Hence, 
our conclusions are based on models passing the tests in- 
dependently rather than by statistically combining the 
CMB and Sloan tests. 
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FIG. 4. The magnitude-red shift relation may be a tool 
for distinguishing A models (thick solid curve) from the fam- 
ily of quintessence models (dashed curves) along the degen- 
eracy curve. Am is the difference in the predicted magni- 
tude of a standard candle for a given model and an open 
universe (fi m — > 0, middle dotted curve). The dashed curves 
are QCDM models with w = -5/6,-2/3,-1/2,-1/3 from 
top to bottom, respectively. Hypothetical type IA supernova 
data are shown at several red shift, assuming w = —2/3 with 
lcr error bars of ±0.1 magnitudes. For reference, an Ha = 1 
(upper dotted) and fl m = 1 (lower dotted) flat model are 
shown. 

Figure 4 shows the prediction for the red shift lumi- 
nosity relation, measured using Type IA supernovae as 
standard candlesEZI for the same models along the de- 
generacy curve. In this case the quintessence models are 
more distinct from the A model; however, it is premature 
to say whether observations will become accurate enough 
to make this measurable. Not only will a large number 
of high red shift SNe have to be observed, but the sys- 
tematic errors in the magnitude calibration will have to 
be reduced, to Am < 0.1, in order that a turn-over in 
Am is well determined. 

One might expect that ground-based CMB experi- 
ments, which probe smaller angular scales than acces- 



sible by satellite experiments, can dramatically resolve 
the degeneracy problem. It is precisely on the small 
angular scales that non-linear effects such as gravita- 
tional leps distortion, the Rees-Sciamao and Ostriker- 
VishniacEa effects are important. However, these effects 
depend not only on the broad cosmological parameters 
fi m , fi(,, h, but also on the details of re-ionization and 
small scale structure formation, about which there prob- 
ably remains enough uncertainty to prevent this method 
from being used as a fine model discriminant. It is not 
clear whether such constraints, while sufficient to differ- 
entiate between ACDM and SCDM, can discriminate be- 
tween quintessence and A. 

Our conclusion is asymmetrical. A large class of 
quintessence models, those with rapidly varying w or 
constant w > —fig/2, can be distinguished from A 
models by near future CMB experiments such as MAP. 
However, any given A model is indistinguishable from 
the subset of quintessence models along its degeneracy 
curve. CMB experiments which probe small angular 
scales where gravitational lens distortion is expected to 
be important, such as Planck, can be expected to cut 
into the degeneracy region. Combining the constraints 
which the CMB imposes on n s , Q m h 2 and fi^/i 2 to the 
other current observational constraints sometimes, but 
not always, breaks the degeneracy. Adding spatial cur- 
vature as an additional degree of freedom increases the 
degeneracy. Depending on how measurements overlap, 
new observational techniques must be invented to break 
the degeneracy. 
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